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Matroids and greedy algouthms

Recall minimum spanning
trees and Kruskal's

algonthm .

Let G = (V
,
E

,
c) when WiE-Ro (WelzoVezE)

be given and
let W = maxiuces(etE

If we set wile) = W-w() then for any spanning

tree Tot 6 we have (n = /1)

w'(T) = (- 1)W - w(T)

Hence T is a minimum Spanning
free root w

↑
T is a maximum weish spanning

free cort wh

From now on we look only at the
maximization

version (maximum weigh spanning
trees (

GrdyalgorithmMST (kmstal)
FEQ

While Et

Let uveE have maximumweight
EXE-nv
I hand v are not connected viaF

F7 F+ av

end



TheoremThegreedy
algouthm find , a mina

tree in 6 = (V ,
E

,
w)

#of
: LetTo be the greedy Spannins

tree

and suppor c(Ts) < v(Topt) when Topt

is a max weight spT of G.

let e
,
e

,
... en-1 be the elges

that

we add when Tg is constructedin
that order).

Choos T
*
max

weight spT and j
s

.

t

19
,
2 ....

e ; / = ECTR) and no max
waint

spT contains all the edges be ...
- eju]

eTs
T* ejt ,

contains a cycle Cetod
At least one edge of

C is not in Tg as this iss fre

Let e be such an edge .

Than ex E-Sei.e ,th so w(it) wel

since the greedy alsonthm chose ejt)
in stepth

Now w(T* ) = w(T
*
- e + ej+1) = w(T

* ) so

T'= Texejt is a max weight set which
violates*

D
-



Definition Let sbea finite set and

FC23 a collection of sobrets of
S. Then the pair

M = (S
,
7) is a

matroid if the following
holds

(1707
2) If XEF

and YeX then Yef

3) if X ·
Yef and H =/ + ) then

EyeY-X s .

t Xtyef

2) says that
F is hereditary

A set 2 s .

tZeF is dependent

A set X
st XeF is independent

-Examplesof Matrics

() 6 = (V , E) a graph S = E

F = LE'zEl E' induces
a forest in 6)

This is called the cych
instroid of 6

I S finite subut of a
Vector space

V

say that 3x, ,
2 :· XueFift the

vector , X
,,
- - xu are linearily in dependent



Why does (3) hold when

f: JE'CE/E' acyclich ?

suppon XCE
and YE

have (X1 = 1y1- so (Y) = (X( + )

-

- EY

② ⑪O
da



Property (3) of Matroids easily implies the following

property which is called the exchange property

3 if X ,

Ye7 and

11 = 11th for some
h21 then there are

elements 3 ..
41--yetY-X such

that

X + y
,
e7

,

X + y ,thef,...
X + y

,
+ . + 14 +7

A bar of a matroid
M = (S ,

7) is a
maximal

independent set B ,

that is Bef but

Matchings do not form a

B +w7VweS-B I matroid

· le

Gollayim of a mahroid have the same size

How do we check whether
Xef ?

We assome
M = (S,f) is given as Stogethe with

an Orach A

*



Cycl :

Amitotmatrica 1 . 7) isa
minimally dependent subut of S :

z is a circuit of MES 27 and Z-aef Fae Z

in graphs

Proposition let Mbramaticis 9 T-

unique circuit
C contained in X + y

of , dependent so it contains
at least one

circuit

let C = SaeX + y / X + y -
a F)

Laim: ( is a circuit of M

proof : As C-a[N +y-aef VaeC
-

implying that
C-aef we just need to

show that CF.

suppor
CEF

.

Then by 31 we can add

elements from X-C to <
ouhl we have a

set Yef with YEF
and M = /X)

.

But

then Y = X +y-d forcomed

implying thatde
contradicting that CYef



We proved that C is a circuit so it

only remains to prove
that C is

the unique circuit
in Xty.

-

Suppon D-X+y
is another circuit

Then the pictor is
X

*
By minimality of

circuits CD

So EZE
C - D (and

ZwED-c)

By definition
of C the set

X +y-zef but
DEX + y-2

contradictiv (2)

in the definition of materies 5.



Ithe greedy algorithm for
matroies

Below we assome
that the matroid

M = 1s
·#)

is given in form of an orach of

such that

-> yes Es Xef

*- EX ,

acirant
S

I
Disa certificate that

-Greedyalgorithm : X7

inpot : a matroid M = (5 ,
7) and W : S- Robol

output : a maximum
weish ban of M

BE
,
SES

while sy do

let xes' have wel
why) Fyes'

I

S'tS' - x

If B +x7 thrBEB
end

output B



Theorem Thegreedy algon
the outputs a mana

&no let By denote the output and let

B
* be an optimum Son (w(B

* ) = c(B) FbacB)

let e, 1--- en
be the elements added

to B

by the algorithm
in that order
.

let jet) be
maximum s .

t
.

19
, 12...

C
;
-BP for

some optimum ban .

If jok we are don (Bg is optimal) so as some jak

Then B* ejt)
Contains a

circuit C. C

C & B
,

as C is dependent so
ZeeB

*
-B

g
s .
teeCrit

By the proposition ,
Cis the uniquecirentein BP+ejt/ so B = B+ejt-e is a ban

BP is optimal so w(B) = (B)=(
=w(jt) (I

Recall that (e,1,..., ejh[BgnB
Y and Ahe ,  ..,E ,

e) [BX

soA is independent and hence
is a possible choice for

the greedy also thm
in step jt .

This implies that whit
I co(e) so by (1 we have w(el-wect)

and wil = w(B
* )

,

contradicting the choice of
B as

(e ,2 , .., ej + 1) = B D
.



--

-Alternatedettootamated e isa
-

#det
The greedy algotha

finds an

optimum ban for every non-negative

weight function 2 : E-c Ryobol

Theor. Jinslet M
= E

,Ebeasubtsa

#
# V Ip

,
Ip + 1 ef:pl = p = /Iphl-1

Zeelptip : Ipteef
#
(3) If AGE and

I
,

I' are

maximal independent subsets of
A

thanIF1 : /I'l



Mof

#(2) :

suppose Fp
,
Ip + /ef:pl = p = /Iphl-1

butI
p +2 if ceIp

E

o otherwin

Then collp) = p . (p+2) < (P + 11
*
= v(Ip+ )

but G
.

A choos Ip plus some o weight

element ->4 that 6 .
A

.

works for we

Supponaremaximal
indena

They Let I"I' have ll" 1 = Fl +1

and apply &I to get
that I is not

a maximal subat of A 2



:Supponchod,butthen issomnon-mesha

let I = 32
,22,

-- Did be the greedy solution

where w(e , ) zw(2)z .. -
zwei) auch

J = bei ... ej) be an optimal solution where

w(e ! ) = w(l) = . . . vo(j) .

Then co(J) > co(l) by the accomption above

I is maximal by construction (Wis G
.

A
. ) and

we can
assomed is also maximal (by adding zero or more

weight zero elements)

By (3) we have = /ll = Is

It softies to prove
the following claim

Claim w(m) = com) for all m = 1
,
2, ..,

:

proof of claim : W( , ) = vo( ! ) as 6
.

A chose ,

suppon
Emacs .

- vole ;) =wo(e) for j
= 1

,
2

,
--

,
m -1

but whem) < w(em)

Let A = SecElw(l = we'mil then

z = be
,
2 ...
em-1)A and Z is a

maximal sobut of A Las 6 .

Achonem (A)

But Z = 3,2 -
-

,
embA so it is

contained in come maximal subert 2"of
A

However now 12/ < /2") ->< (3) W.



-

↳
Fortherdefinitionandena

⑦

The rank of A-E ,

denoted r(A) ①

is r(A) = maxh(x1IXEAadxeF)0⑪
m

The rank of m is the size
of a

n-k

ban of M (recall that they
all have

n-#comp

the same size

The set of ban of M is

B (m) = 3 B/ Bisabanot M4

Note that F = ( XIX & B forcome BeB(m)

so M = (E , F) is uniquely
determined by

its set of base.


